THE UNEXPECTED ASPECTS OF SURPRISE

EMILIANO LORINI

Institute of Cognitive Sciences and Technologies-CNR, Via San Martino della Battaglia 44,
00185, Roma, ITALY, emiliano.lorini@istc.cnr.it

CRISTIANO CASTELFRANCHI

Institute of Cognitive Sciences and Technologies-CNR, Via San Martino della Battaglia 44,
00185, Roma, ITALY, cristiano.castelfrachi@istc.cnr.it

Abstract

Some symbolic AT models for example BDI (belief, desire, intention)
models are conceived as explicit and operational models of the inten-
tional pursuit and belief dynamics. The main concern of these models
is to provide a clear understanding of the functional roles of different
kinds of epistemic and motivational states (beliefs, acceptances, expecta-
tions, intentions, goals, desires etc...), of the relational properties among
them. Mental configurations of appraisal (involving different kinds of mo-
tivational and epistemic states) which correspond to particular cognitive
emotions such as disappointment, fear, relief, shame etc... have been ana-
lyzed by several authors close to the BDI theoretical tradition. The main
objective of this work is a conceptual and theoretical clarification of the
functional role of Surprise in a BDI-like cognitive architecture. In the
paper different kinds of surprise are discussed and their properties ana-
lyzed. Each type of surprise is associated with a particular phases of the
cognitive processing and involves a particular kind of epistemic state (ex-
pectation under scrutiny, presupposed belief and so on). A clarification
of the functional role of Surprise in a BDI-like cognitive architecture with
respect to resource bounded belief revision is given.

1 Introduction

Some symbolic AT models and logics for example BDI models and logics ([3,
8, 18, 21]) are conceived as explicit and operational models of the intentional
pursuit and belief dynamics. The main concern of these models is to provide
a clear understanding of the functional roles of different kinds of epistemic and
motivational states (beliefs, acceptances, expectations, intentions, goals, desires
etc...), of the relational properties among them. Mental configurations of ap-
praisal (involving different kinds of motivational and epistemic states) which
correspond to particular cognitive emotions such as disappointment, fear, relief,
shame etc... have been analyzed by several authors close to the BDI theoretical
tradition (see for example [5, 16]).

In this work a formal model of Surprise based on a BDI-like cognitive archi-
tecture and in particular on a theory of expectations ([6, 19]) is developed. In



order to model Surprise a propositional logic with probabilities is used. The
syntax and semantics of the formal logic is presented in section 2.

In section 3 the process of interpretation of input data will be modeled by
defining a abductive procedure for selecting the best interpretation of input
data. Mismatch-based Surprise will be defined as the the reaction of alert due
to a mismatch between an expectation under scrutiny (a belief about the future,
that the cognitive system is willing to verify) and the selected interpretation of
input data; the degree of Mismatch-based Surprise will be associated to the
degree of mismatch between the selected interpretation of input data and the
invalidated expectation under scrutiny. It will be formally derived that “the
higher the probability associated to the invalidated expectation under scrutiny
the higher the intensity of the surprise due to its invalidation” and “the lower
the probability associated to the explanation invalidating the expectation under
scrutiny, the higher the intensity of the surprise due to the invalidation”.

In section 4 we will argue that the revision of beliefs and expectations in the
background of the agent’s knowledge structure is associated to a qualitatively
different form of surprise. We will focus on the revision of presupposed as-
sumptions and beliefs given the current expectation under scrutiny invalidated
by the explanation of input data. Presupposed beliefs relative to a current ex-
pectation under scrutiny will be defined as beliefs whose contents are implied
by the content of the expectation under scrutiny and which are in background
during the phase of interpretation of input data. The degree of Revision-based
of surprise will be associated to the degree of revision of a belief presupposed
by an invalidated expectation under scrutiny. It will be formally derived that
the intensity of Revision-based of surprise is always equal or higher than the
intensity of Mismatch-based Surprise.

In section 5 we will analyze the surprise generated by the deeper mismatch
between the selected explanation of input data and the (logical) supports of
the expectation under scrutiny. A support of an expectation under scrutiny will
be defined as the background belief whose content implies the content of the
expectation under scrutiny. It will be formally derived that the intensity of this
deeper mismatch-based surprises is always equal or lower than the intensity of
first-order mismatch-based Surprise (due to the invalidation of the expectation
under scrutiny by the selected explanation of input data).

The conclusive part of the work is devoted to discuss the importance of the
present approach for the theory of belief revision. We will move in this part
toward a procedural perspective on the problem of Surprise. We will argue
that deeper mismatch-based surprises should be conceived as later emotional
responses which are coupled with the revision of deeper beliefs in a belief base.
We will defend the following thesis concerning the functional role of surprise
in resource bounded cognitive agents: since realistic cognitive agents are mon-
ommniscient and have not direct and instantaneous access to all their knowledge
both in phase of perception and in phase of revision, some mechanism which is
responsible :

1) for signaling the global inconsistency of the belief base with respect to the
incoming input data ,



2) for making explicit deeper layers,

3) for the revision of broader parts of the belief base,

is needed.

One of the functional role of surprise is exactly this.

Therefore the present work tries to give contributes for the following two scien-
tific areas.

With respect to the area of cognitive modelling the present work provides a
conceptual and formal clarification of the notion of Surprise thanks to the elab-
oration of a typology of surprises where each type of surprise is associated with
a particular phase of the cognitive processing and involves particular kinds of
epistemic representations (expectation under scrutiny, presupposed belief and
so on). Indeed the authors believe that current formal and psychological models
of surprise (see for example [2, 17, 15, 20]), which are merely focused on the ini-
tial phase of mismatch between input data and active schema and expectation,
are incomplete.

With respect to the area of belief revision the present work builds the bases
for developing a model of Surprise-driven progressively structured belief revision
in resource bounded cognitive agents. With respect to this scientific area the
present work is very close to works done under the philosophically inspired ([12])
local revision framework ([11, 25]) which has been proposed as an advancement
of standard AGM-based belief revision ([1])approaches to understand belief re-
vision in resource bounded cognitive agents.

2 Formal foundations

Let us give the formal specification of the model. We define in this paragraph
the language that we are adopting with the related syntax and semantic. We
use a standard propositional logic with probabilities with a semantic similar to
the semantic given in [10].

2.1 Syntax

The primitives of the formal language are the following:

- A set of agent variables AGT = {4, j,...};

- A set of propositional variables II= {p, g,...}.

The set of propositional formulas is defined by the the closure of IT under the
Boolean operations A and —. Let us use ¢ and v to represent propositional
formulas. A primitive term is a an expression of the form P;(p) where ¢ is
a propositional formula. A term is an expression of the form ajP;(p1) +...4
a) P;(ox) where aq,..., aj are real numbers and k > 1. A basic formula is
a statement either of the form %20 or of the form ¢t >¢ where ¢ and t’ are
terms and c¢ is a real number. A complex formula is a Boolean combination
of basic formulas. Let us use f and g to represent complex formulas. Finally
a conditional formula is a statement of the form ¢ =; ¢ (where ¢ and ¥
are propositional formulas). We use the standard abbreviation for expressing



conditional probabilities P;(¢[Y) > ¢ =qof Pj;(,;p(g;p) = c. Finally we use the

standard notation |[p||° to represent the set of worlds in S at which ¢ is true.
Formally |[|¢||® = {v € S|M,v F ¢,}.

2.2 Semantics

A model for our logic is defined as M = (W, X, 7) where:

e W is a non-empty set of possible worlds;

e 7 is a valuation function which assigns a truth value to propositions in
possible worlds 7 : W x Il — B where B is the set of boolean variables B =
{true, false}

e X is a function which associates with each world w and agent i AGT a

probability space (Ww,i, Fy i Xw,i) where:

— Wy, is a subset of W called sample space;

- FW’iis the algebra of subsets built on Ww,i7

- Xw,i is probability function defined on 2WW’i such that Xw,i: 2WW:i

— [0, 1].

2.2.1 Truth conditions and validity
e M,w F p iff 7(p, w) = true.
e M,wkE T for all weW.
o M,w F - iff not Myw F ¢.
o Mw FE o Aoy iff MywE ¢ and M,w F .

o M.wk_—bile)t. tanPi(on) ~ . i a1 X i (e[| )+ e X i (onl] V200
where (||¢;|["0) = {v € WM, v E ¢;}
e Mwkp=,¢iff Vve Ww,i if M,vE ¢ then M,v F 1.

With respect to the axioms of the formal logic we use the axioms given in [10]'.

'n [10] the following category of axioms are given. 1) Axioms for propositional reasoning: -
Modus Ponens, - Propositional tautologies. 2) Axioms for reasoning about linear inequalities.
3) Axioms for reasoning about probabilites: - P;(y) > 0, - P;(true) > 0, -P;(pAY) + P;(eA—))
= Pi(p) (additivity), - Pi(p) = P5(¢) if Pi(p) «— P;(¥).

- —>c
akt1Pi(Prt1)+.+arPi(or) = ant1 Xw,i (|lenr [V D)+ tar X i (o [Vwi) =



2.3 Abducible formulas, input data and expectations un-
der scrutiny

In the present section we define some ad-hoc formal constructions. This implies
an extension of our definition of model. Given the following definition 1, 2 and
3 our models are now defined by the tuple M = (W, X, «r, ', Test, Abd).

Definition 1: Perceived data. We define a perception function T' as the
function which assigns a set of propositional variables to agents in possible
worlds. Formally T': AGT x W — 2™ The input data for an agent 7 at a
given world w is the set I'y, ; of propositional variables. <F>w’i is the logical
conjunction of propositional variables in I', ;. Formally, (I'),, ; = /\‘Pierw,i ©i-
Thus the elements in I',, ; are the data perceived by the agent ¢ at world w and
that the agent must interpret on the basis of his pre-existent belief structure.

Definition 2: Tested expectation (expectation under scrutiny). We
also introduce a test function Test which assigns an arbitrary set of proposi-
tional variables to agents in possible worlds®. Formally Test: AGT x W —
2", The set of constituents of a tested expectation (expectation under scrutiny)
for an agent 4 at a given world w is the set Test,, ; of propositional variables.
(Test),, , is the logical conjunction of propositional variables in Test,, ; and de-
fines the expectation that the agent 4 is verifying at a given world w. Formally,
(Test),,; = Nyietest,, ; i- Let us give the semantic for the Test; () formula
to be evaluated at a given world w in W:

M,w ETest; (p) iff ¢ = (Test),, ;.

Definition 3: Abducible formulas. We finally introduce an abducible for-
mula function Abd which assigns a power set of propositional variables to agents

in possible worlds. Formally Abd: AGT x W — 22H. Abd,, ; defines the power
set of propositional variables given by the function Abd for agent i and world
w. Abd], ; identifies the j-element of Abd, ; and finally (Abd),, , is the set of
logical conjunctions of propositional variables belonging to the same Abdi},i in
Abd,, ;. Formally (Abd), , = { Aorcavas , #il Abd, ; € Abdw,i}. Let us give a

different notation for elements in (Abd>w7i. Let us use Hy,..., H; to represent
these elements.

We assume that elements in (Abd),, , are mutually contradictory.

Assumption 1. If H; and H; € (Abd),, , then H; A Hj=; L.

20ur test function is comparable to the awareness function given in [9].



3 Mismatch-based Surprise

3.1 Interpretation of input data

We make the assumption that an agent ¢ at a given world w must interpret input
data I'y,; by means of a classical abductive procedure of explanation extrac-
tion®. Basically the procedure returns the abducible formula with the highest
explanatory with respect to the input dataset I',, ;. Let us define the procedure.

Definition 4: Procedure of explanation extraction and selection.

1. For each abducible formula H; € (Abd}w’i calculate the mazimal subset
H;

w,

max — Fgl of the set of input data I'y,; such that H; =; (max —T')
H;

where (maz —T'),.%; = /\wemam—rﬁfii ;-

2. Select the abducible formula H; € (Abd),, ; with the highest ezplanatory
value as the best explanation of the input data.

We introduce a measure of explanatory value where two different parameters
are taken into account:

1. the number of perceived data that the abducible formula is able to explain
and

2. the prior probability associated to the abducible formula.

With respect to the second parameter we use standard probability theory. The
explanatory value of each candidate explanation (abducible formula) H; depends
on to the posterior probability that H; is true, given the disjunction H{®...®
Hm of candidate explanations (abducible formulas). Using Bayes theorem we
obtain:

P;(H,1U...UH,,|H;)-P(H;
P; (Hj| HyU..U Hyy) — £4 }f<Hfu...Lan>( ) (1)

Given previous assumption 1 (candidate explanations are mutually contradic-
tory) (1) is equivalent to the following formula.

P;(H;
P; (H;| H{U...U Hp) :pi(le.(..H)a(Hm) (2)

3With classical abductive procedure (or schema) we mean the most straightforward con-
ception of an inference to an ezplanation of the (logical conjunction of) input data (I'),, , : an

w,1
ezplanation of the input data is some formula H logically entailing (I}, ;+ H = (F)f’z Clas-
sical schemas are not the only accepted for abduction. See for example [4, 24] for a detailed
analysis of less standard schema for logical abductions.



Moreover the explanatory value of a candidate explanation should depend on
the number of data that the hypothesis explains. Therefore the previous prob-

abilistic measure is weighted for the following ratio.
\maac—FHi

Y(H;, Twyi) = (uﬂi\w‘) (3)

where Ty, ;| is the number of elements in Iy, ; (cardinality of 'y, ;), [max — I‘fﬂ

is the maximal number of input data that H; explains (see definition 4) and &
is an arbitrary constant in [0, 1]*.

Therefore the explanatory value of a candidate explanation H; with respect to
the input dataset I'y, ; and given a set of contradictory candidate explanation
(Abd),, , = {Hx,..., Hy} is defined by the following formula which enriches the
formal basic language defined in section 2. Semantical conditions of satisfiability
are given.

Definition 5a: Explanatory value of an abducible formula.

M,w = Expl-value;(H; ) =c iff {Hy,..., Hp,} = (Abd),, ; and Ky - v(Hi, T i) -
X i (|| Hi|V0o)

Koo ([1HL™Y ) 4o X i ([ Ho |07

=

Finally we introduce the special formula selected-expl; (H) in order to repre-
sent the fact that Hy is the abducible formula which has been selected by agent
i as the best explanation of the input data. We provide the following semantics.

Definition 5b: Selected explanation.
M,w E selected-expl; (H;) iff {Hy, ..., Hp} = (Abd)w’i and H; = arg max g, e (apa)

X (|1 Hil| 1)
- y(Hy, i) - it ,
’7( v w,z) Xw,'i(”Hl||Ww’l)+~'+Xw,i("HmHWw’l))

(x

w,i

Thus a certain abducible formula H¢ is selected by agent ¢ at a given world w as
the best explanation of the input data if and only Hy is the abducible formula
with highest explanatory value with respect to the set of input data.

3.2 Invalidation of the expectation under scrutiny and
surprise

The result of the previous selection process is an explanatory item H; €(Abd),, ,
with the highest explanatory value. 7
If the selected explanation H; conflicts with the agent’s expectation under
scrutiny, the agent’s expectation is invalidated due to the “logical” mismatch
with the incoming interpretation of the input data. This mismatch gener-
ates a certain degree of surprise. Consider an agent expecting that ¢ (and
testing this expectation). Since the winning explanation H; is either a single

4We assume that the arbitrary constant & is a function which assigns for each agent i and
world w a value of reliability of the perceptive source in the interval [0, 1]. Indeed when the
agent perceives some input data he can have some doubt about the fact that his sensors are
working well. Therefore the explanatory value of the candidate hypothesis is reduced in order
to integrate this uncertainty about the reliability of the perceptual apparatus.



propositional atom or a conjunction of propositional atoms, there could be one
or more propositional atoms p1,...,p, of the logical conjunction H; such that
p1 A ... App A = L. This means that the selected explanation H; and the
expectation that ¢ are actually conflicting.

We assume that the intensity of superficial Surprise is measured by the degree
of mismatch between the expectation under scrutiny and the selected explana-
tion where the degree of mismatch between arbitrary formulas is given by the
following formula.

H;) if P(p) > P(H;) (4)
0 otherwise

We provide next the basic semantics for the notion of degree of mismatch be-
tween propositional formulas.

Degree-Mismatch (o, H;) = ( P(p) - B(

Definition 6: Degree of Mismatch®.

M,w F Degree-Mismatch; (o, H;) < ¢ iff Xy ;(||¢||V) < Xy (|| Hil]V) and
c>0or

Xui(|l@l[Vet) > X i (I[Hi|[#) and X i ([ [*)- X i ([[H||0) < ¢
M,w E Degree-Mismatch; (o, H;) = ¢ iff Xy ;(||¢|[V*) < Xpi(||H;i]]V ) and
c=0or

Xui(|lepl]™ort) > X o (|[[HG||™oi) and X s (ool V00X o (| [H| Vi) = ¢
M,w E Degree-Mismatch;(p, H;) > c iff Xw,,;(|\go||Ww7i) < X,,,7¢(||H7;|\Ww)i) and
c<O0or

Xui(|l@l[Ve1) > X i (I[Hi|[?#) and X i ([ [W)- X i ([ H|[V7) > ¢

Let us give next the basic semantics for Mismatch-basedSurprise as the mis-
match between an expectation under scrutiny and the invalidating selected ex-
planation of input data.

Definition 7: Mismatch-based Surprise.

Mismatch-BasedSurprise; (¢, H;) = ¢ =qof Test; (p) A selected-expl;(Hy) A
(Hy =i ~¢) A Degree-Mismatch; (¢, H;) = ¢

Mismatch-BasedSurprise;j (¢, H;) < ¢ —gof Test; (¢) A selected-expl;(Hy) A
(Hy =i ~¢) N Degree-Mismatch; (¢, H;) < ¢

Mismatch-BasedSurprise; (o, H;) > ¢ =gof Testj (p) A selected-expl; (Hy) A

(Hy =i ~¢) N Degree-Mismatch; (¢, H;) > ¢

Given the previous two definitions we provide the following principles concern-
ing the measure of intensity of surprise obtained by the mismatch between the
expectation under scrutiny and the selected explanation of the input data in-
validating the expectation.

5The second argument of the formula is H; which is used to represent abducible formulas.
However, this notion of degree of mismatch is the most general one and is applicable to every
propositional formula of the language.



Proposition 2.1. Given two agents ¢ and j and a value of probability Py
for agent 4’s expectation under scrutiny, a value of probability Py for agent j’s
expectation under scrutiny, a value of probability Pg for agent i’s explanation
of input data and a value of probability Pyfor agent j’s explanation of input
data, if P1 > P9 and Pg = P4 then agent i’s feels more (or equally) surprised
than agent j due the invalidation of the expectation under scrutiny. Formally:

E (Pi(p) > P; (1)) A (Pij(Hy) = P; (Hy)) A Mismatch-BasedSurprise; (v,Hy)=c
A Test; (o) A selected-expl;(Hy) A (Hy = —p) — (Mismatch-BasedSurprise; (¢,

Hf) > C)

Proposition 2.2. Given two agents ¢ and j and a value of probability Py
for agent 4’s expectation under scrutiny, a value of probability P9 for agent j’s
expectation under scrutiny, a value of probability Psfor agent i’s explanation of
the input data and a value of probability Psfor agent j’s explanation of input
data, if Py = P9 and Pg < P4 then agent i’s feels more surprised than agent j
due the invalidation of the expectation under scrutiny. Formally:

E (Pi(p) = P; () A (Py(Hy) < P; (Hy) ) A Mismatch-BasedSurprise; (¥, Hy) =
¢ A Test; (@) A selected-expli(Hy) A (Hy = ~¢) — (Mismatch-BasedSurprise; (¢,

Hf) > C)

Proof. The proofs of Prop. 2.1 and 2.2 are obtained straightforward from the
definition 6 of degree of mismatch and definition 7 l

The intuitive reading of the previous propositions 2.1 and 2.2 is that “the
higher the probability associated to the invalidated expectation under scrutiny
the higher the intensity of the surprise due to its invalidation” and “the lower
the probability associated to the explanation invalidating the expectation un-
der scrutiny, the higher the intensity of the surprise due to the invalidation”.
Proposition 2.1 and 2.2 are reasonable. Indeed intensity of surprise should de-
pend at least on the previous two parameters: the probability of my invalidated
expectation and the probability of the interpreted input data. We are very
surprised when we are almost certain that a certain fact will happen and our
expectation gets invalidated. We are even more surprised when our expectation
is invalidated by something that we perceive and that we believe to be almost
impossible.

Another principle looks also reasonable. Since surprise is the response to a
mismatch between two representations (the anticipated and expected one and
the explanation input data), and since a mismatch not necessarily is a yes/no
result but can be partial (given that the representation is a pattern of features),
one might claim that: The higher is the number of mismatching features, the
stronger the surprise. This principle is too simplistic and naive . Let us argue



against it by the following example.

Example. Consider an agent driving with the car in a street. The agent is
ready to stop at the next traffic light since he expects the next traffic light to be
red and not green. The agent is actively testing his expectation that (r A-v).
Moreover the agent assigns the following conditional probabilities
P(VIR) | v v
T 0,05 | 0,95
T 1 0
and the following probabilities to the event “the traffic light will be red” and the
event “the traffic light will not be red”
r -r
P(R) | 0,8 | 0,2
Consider now two different situations.
1) Imagine that the agent perceives the traffic light to be not red and green (v
A —r). The input data invalidate the expectation that (r A—v) and more than
this they mismatch with two out of two propositional features of the expected
representation: both propositional atoms in the (expected) conjunction r A —v
are invalidated by the input data.
2) Imagine that the agent perceives the traffic light to be red and green (v A r).
Again the input data invalidate the expectation that (r A—v) but only mismatch
with one out of two propositional features of the expected representation: only
the propositional atom —v in the (expected) conjunction r A —v is invalidated
by the input data.
Let us calculate the degree of mismatch (and consequently the intensity surprise)
in situations 1 and 2 and compare them.
(i) Degree-Mismatch (r A-v, v A —r) = (P(-w|r) - P(r)) - (P(v|=r) - P(=r)) =
0.76 - 0.2 = 0.56
(ii) Degree-Mismatch (r A—v, v A1) = (P(-w|r) - P(r)) - (P(v|r)- P(r)) = 0.76
-0.04 = 0.72.
This example shows that not necessarily higher the number of mismatching
features, more intense is the surprise.
In fact, the features composing the expected and tested representation as well
as the features composing the representation explaining the input data are gen-
erally dependent one from each other. Thus if the features have some degree of
interdependence, if there is some internal coherence of the global representation,
one might be more surprised when one feature F1 of the global representation
explaining the input data (which invalidates the tested expectation) is evalu-
ated to be very unlikely given feature F2 (in order to express the degree of
interdependence among the features we use conditional probabilities).

10



4 First layer revision and crisis of presupposed
assumptions

After the invalidation of the expectation under scrutiny by the explanation of
input data the agent needs to revise the first layer of his knowledge structure.
The revision of beliefs and expectations in the background of the agent’s belief
structure is associated to a qualitatively different form of surprise. Let us focus
in this section on the revision of presupposed assumptions and beliefs relative
to the current expectation under scrutiny invalidated by the explanation of in-
put data. A presupposed belief relative to an expectation under scrutiny is a
belief whose content is implied by the content of the expectation under scrutiny
and which were in background during the phase of interpretation of the input
data. Therefore in our model a presupposed belief is always given with respect to
some expectation or belief under scrutiny. Our definition of presupposed belief is
slightly different from the definition of presupposition given in speech act theory
([22]). According to speech act theory when agent i says “the strawberry is red!
Isit?” agent i is asserting or questioning about the colour of the fruit and is just
presupposing that “the strawberry is coloured”. The same presupposition holds
when agent i says “the strawberry is not red!”. Therefore in speech act theory
a given belief that A presupposes a belief that B if and only if the agent must
believe that B in order either to believe that A is true or to believe that A is false.

Definition 8: Belief that 1) presupposed by tested expectation that .
Presupposed; (1, p) =qef Test; (v) A(p =i ¥)

It is well known that the invalidation of the asserted and tested belief can be
surprising; but the invalidation of the presupposed belief can be surprising as
well. We argue that:

the invalidation of tested expectation generates a mismatch-based surprise with
a certain intensity and requires a restructuring of the unquestioned assumptions
which in turn generates a revision-based of surprise.

Let us first all give a quantitative definition of Revision-based of surprise. We
will move afterwards to analyze the surprise associated with the revision of
presupposed beliefs of a given tested expectation which are invalidated by the
explanation of input data. We will finally provide a comparison of the intensity
of this form of surprise with the intensity of the mismatch-based surprise asso-
ciated with the invalidation of the tested expectation implying the presupposed
assumption (see previous section 3).

Let us introduce a general definition of degree of revision which is given with
respect to arbitrary formulas.

P(p) - P(p|H;) if P(p) > P(p|H;)
0 otherwise
We provide next the basic semantics of special degree-Revision formulas.

Degree-Revision (¢, H;) = ( (5)

11



Definition 9: Degree of Revision.

Wuw,i
M,w E Degree-Revision; (¢, H;) < c iff X, ;(||¢]|V=) < % and
c¢>0or o

w,i ([[Hi A w,i N\ X ([[Hing][Wwi
Xup(llpl|Woe) > XA g X, (i Vors)- Kl Z)

Wi
M,w E Degree-Revision; (¢, H;) = ¢ iff Xy ;(]|¢||V=) S% and ¢
=0or o

N~ Xuwi([[Hine]| Wi ). Xuw.s ([ Hing]| Vi
Ko ]| o) > Xl and X (| Mo)- S nels) =

Wi
M,w E Degree-Revision; (p, H;) > c iff X, ;(||¢]|V=) < % and
c <O0or B

w,i X . Wi
Xunalll] Vo) > XA T g Xy o[ fpl|Worr)- Lt Z)
Let us give next the basic semantics for Revision-basedSurprise (¢, H;,p) as
the degree of revision Degree-Revision;(¢), H;) where ¢ is the content of the
expectation under scrutiny, v is the content of some belief presupposed by
the expectation that ¢, H; is the selected explanation of input data and H;
invalidates both ¢ and 1.

Definition 10: Revision-based Surprise.

Revision-basedSurprise; (¢, H;, ¢) = ¢ =qof Presupposed; (¢, ¢) A selected-
expli(H;) A (H; =; ~) A Degree-Revision; (¢, H;) = ¢
Revision-basedSurprise; (¢, H;, ¢) > ¢ —qof Presupposed; (¥, ¢) A selected-
expli(H;) A (H; =; ~) A Degree-Revision; (¢, H;) > ¢
Revision-basedSurprise; (¢, H;, ¢) < ¢ =qof Presupposed; (¢, ) A selected-
expli(H;) A (H; =i —¢) A Degree-Revision; (v, H;) < ¢

On the basis of the previous formulation the intensity of Revision-based surprise
is:

1) the numeric distance between the prior probability associated to the pre-
supposed belief that 1 and the conditional probabilities that v is true given
the selected explanation of input data H; (invalidating ) when this distance is
positive;

2) null when the distance is null or a negative number.

Basically, Revision-based surprise measures the magnitude of the restructuring
decrease of probability of a certain presupposed belief that v given the selected
explanation of input data H; invalidating .

From the previous definition of Revision-based surprise we derive the following
principle.

Proposition 3. The surprise associated with the revision of a presupposed
belief that ¢ invalidated by the explanation of input data H; is equal to the
prior probability of . Formally:

= Revision-basedSurprise; (v, H;,¢) = ¢ «— P;(¢¥) = ¢
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Proof. Let us prove only one direction of the equivalence. We only prove that
k= Revision-basedSurprise; (¢, Hi,p) = ¢ — Pj(¢) = ¢. f Myw |= HiAY =4 L
then M,w {= Pj() A H;) = 0. Therefore Mw = Py(y|H;) = S48 — 0.
From the previous equivalence it follows that: M,w = P;(¥) >P;(¢|H;) = 0.
From definition 10 we have: 1) M,w |= Revision-basedSurprise; (¢, H;,p) = ¢
— Degree-Revision; (1, H;)= c¢. From the semantics of degree of revision given
in definition 9 we can establish that 2) M,w |= Degree-Revision; (v, H;)= ¢
— ((Py(¥) > P([H;) — ¢ = Py() — P(W[H})) A (Py() < P([H;) — ¢ —
0)). Since M,w = Revision-basedSurprise; (v, Hi,p) = ¢ — (HiAp =5 L) we
can conclude that either 3a) M,w |= Revision-basedSurprise; (¢, H;,p) = ¢ —
P;(v) > P;(v|H;) = 0 or 3b) M,w |= Revision-basedSurprise; (¢, H;,¢) = ¢ —
P;(v) =P;(v|H;) = 0. Let us distinguish two cases.

CASE 1. Assume that M,w |= Revision-basedSurprise; (v, H;,p) = ¢ — P;(v)
> P;(v|H;) = 0. Therefore from 1) and 2) we have that Revision-basedSurprise;
(1/17 HMP) =Cc—C= P1(¢)

CASE 2. Assume that M,w |= Revision-basedSurprise; (v, H;,p) = ¢ — P;(¢)
=P;(¢|H;) = 0. Therefore from 1) and 2) we have that Revision-basedSurprise;
(@, Hip) = ¢ — ¢ = Py(y) = 0.

This is enough to conclude that: M,w [= Revision-basedSurprise; (v, Hip) =
¢ — P;j(v) = c. The opposite direction of the equivalence can similarly provedl

Let us show now that the invalidation of a presupposed belief implies the inval-
idation of the expectation under scrutiny which presupposes it. Therefore the
surprise associated to the revision of an invalidated and presupposed belief is al-
ways added to the surprise associated to the mismatch between the explanation
of input data and the presupposing expectation under scrutiny (invalidated by
the explanation). The previous intuition is confirmed by the following proposi-
tion.

Proposition 4. Given H; the explanation of input data, ¢ the content of an
expectation under scrutiny and v the content of a belief presupposed by the
previous expectation that ¢, if the presupposed belief that 1 is invalidated by
H; then the expectation that ¢ is also invalidated by H;. Formally:

= (Presupposed; (¢, ) A Hi=; =) —(Hi=; ~¢p)

Proof. From M,w | H;=; — (the presupposed belief that ¢ is invalidated
by H;) and M,w = p=; ¥ (¢ is presupposed by ¢) which is equivalent to M,w
E 9=, -y it follows that M,w = H;=; = B

In the next proposition 5 we compare Mismatch-based Surprise with Revision-
based Surprise.

Proposition 5. Given an expectation that ¢ under scrutiny and its presup-
posed belief that v, if the latter is invalidated by the explanation of input data
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H; then the surprise associated with the invalidation of the expectation that ¢
under scrutiny is equally or less intense than the surprise associated with the
revision of the presupposed belief that . Formally:

= Revision-BasedSurprise; (1), H;,) = ¢ — Mismatch-basedSurprise; (¢,H;) <
¢

Proof. From proposition 4, definition 7 and definition 10 it follows that M,w
= Revision-BasedSurprise; (1), H;,p) = ¢ — (H;=; ~¢). From definition 7 and
10 it follows that M,w = Revision-BasedSurprise; (v, Hi,) = ¢ — Test; (¢) A
selected-expl; (H;). We must now prove that Revision-BasedSurprise; (v, H;,p)
= ¢ — Degree-Mismatch;(p, H;) < ¢ . Let us assume that Degree-Mismatch; (¢,
H;) = d. We must prove that Revision-BasedSurprise; (v, H;,) = ¢ — Degree-
Mismatch;(¢, H;) = d A (d < ¢).

From definition 6 we have that 1) either Degree-Mismatch;(yp, H;) = d and
d = P;(p) - Pj(H;) or Degree-Mismatch; (¢, H;) = d and d = 0. Let us
consider proposition 3 and reformulate it as 2) M,w |= Revision-basedSurprise;
(1, Hip) = P;(¢). Finally let us make explicit the following fact. It holds
(from definitions 8 and 10) that M,w = Revision-BasedSurprise; (¢, H;,p) = ¢
— (¢ = ¥). Moreover it holds (from the semantic of ¢ =; ¢) that M,w =
(¢ =i ¥) — Pij(¢) < Pj(v). Therefore 3) M,w |= Revision-BasedSurprise; (¢,
Hig) = ¢ —Pi(p) < Py(1).

Therefore from 1), 2) and 3) (and the obvious fact P;j(z)) > 0) we can conclude
that Revision-BasedSurprise; (v, H;,¢) = ¢ — Degree-Mismatch; (¢, H;) = d A
(d < ¢) and finally we can conclude that Revision-BasedSurprise; (v, H;,p) =
¢ — Degree-Mismatch; (¢, H;) < ¢ . From: - Revision-BasedSurprise; (v, H;,¢)
= ¢ — Test; (¢) A selected-expl; (H;), - Revision-BasedSurprise; (v, H;,p) =
¢ — Degree-Mismatch;(¢, H;) < ¢ and - the definition 7 of Mismatch-based
surprise we conclude that Revision-BasedSurprise; (1, H;,¢) = ¢ — Mismatch-
basedSurprise; (¢,H;) < c B

For concluding this section let us give an example in order to show the differ-
ence among the surprise associated to the invalidation of the expectation under
scrutiny and surprise due to the revision of the invalidated belief presupposed
by the expectation under scrutiny.

Example. Imagine that agent i expects that “John is married”. Given this
expectation agent ¢ has the presupposed belief that “John is an adult”. Agent 4
wants to test the validity of his expectation and asks to agent j whether “John is
married or not”. Agent j gives the following answer “John is not married, he is
a child!. The first part of the answer (“John is not married”) invalidates agent
i’s expectation that “John is married”. Thus agent i feels surprised given the
mismatch between his expectation and the incoming input. The second part of
the answer (“John is a child”) invalidates the presupposed belief that “John is
an adult”. Therefore given the revision of the presupposed belief that “John is
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an adult”; agent i feels a secondary surprise. This latter surprise is more intense
than the former.

5 Deeper surprises and crisis of doxastic supports

In this section we analyze the surprise generated by the deeper mismatch be-
tween the selected explanation of input data and the (logical) supports of the ex-
pectation under scrutiny. A support of an expectation under scrutiny is defined
as the background belief whose content implies the content of the expectation
under scrutiny.

Example. Imagine that agent i has explained the input data by the fact “there
is a car close to me”. The explanation “there is a car close to me” has invali-
dated the expectation under scrutiny “there is a table close to me” (and perhaps
some presupposed belief such as “there is a wooden object close to me”) and
generated a mismatch-based surprise with a certain intensity. The agent tries
now to answer to the question: - “why am I expecting to perceive a table?” by
looking for the supports of the fact “there is a table close to me”; i.e. by looking
for some fact which implies the fact “there is a table close to me”. Imagine that
the agent explains the fact “there is a table close to me” by the fact “I am in
a dining room”. The fact “there is a car close to me” invalidates the first-order
support “T am in a dining room” of the expectation “there is a table close to me”
and a second-order mismatch-based surprise is generated by the invalidation.

Let us define the notion of support of an expectation under scrutiny as the
background belief whose content implies the content of the expectation under
scrutiny.

Definition 11: Support i) of an expectation under scrutiny that .
Support; (1,¢) =qef Test; (@) A (Y =i ¢)

It is easy to prove the following proposition.

Proposition 6. If the selected explanation of input data invalidates the ex-
pectation under scrutiny then it invalidates all supports of this expectation.
Formally:

= (Support; (¢, ) A (Hi= =) —(Hi=i —1))

Proof. It follows straightforward from definition 11. Indeed v =; ¢ in for-
mula Support; (1, ) can be rewritten as —¢ =; —t. Therefore, if M,w |=
H;=; - then M,W ': H;=; _‘1/) .

Let us now introduce the notion of Deep Mismatch-based Surprise: the surprise
associated to the invalidation of the support of an expectation under scrutiny.
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Definition 12: Deep Mismatch-based Surprise.
DeepMismatch-BasedSurprise; (1), H;,p) = ¢ =qof Support; (¢, ) A selected-
expli(Hy) A (Hf =; =) A Degree-Mismatch; (¢, H;) = ¢
DeepMismatch-BasedSurprise; (1), Hy, ) > ¢ =qeof Support; (¢, ) A selected-
expli(Hy) A (Hy =; =) A Degree-Mismatch; (¢, H;) > ¢
DeepMismatch-BasedSurprise; (¢, H;, ) < ¢ =qof Support; (1,) A selected-
expli(Hy) A (Hy =; =) A Degree-Mismatch; (v, H;) < ¢

We can now prove the following property relating mismatch-based surprise (gen-
erated by mismatch between the expectation under scrutiny and the invalidating
selected explanation of the input data) with deep mismatch-based surprise (gen-
erated by the mismatch between a support of the expectation under scrutiny
and the invalidating selected explanation of input data).

Proposition 7. Given an expectation that ¢ under scrutiny and the belief
that ¢ which supports ¢, if the former is invalidated by the selected explana-
tion of input data H; then the surprise associated with the mismatch between
the belief ¢ and the invalidating selected explanation H; is equally or less in-
tense then the surprise associated with the mismatch between the expectation
that ¢ under scrutiny and the invalidating selected explanation H;. Formally:

= Mismatch-BasedSurprise; (¢, H;) = ¢ A Support; (¢, p)— DeepMismatch-
basedSurprise; (¢, H;, @) < ¢

Proof. We need first of all to prove that M,w |= Mismatch-BasedSurprise; (¢,
H;) = ¢ A Support; (1,p) — Test; (@) A (¢ =i ¢) A selected-explj(Hy) A
(H; =; ) where Test; (@) A (¥ =5 ¢) A selected-expli(H;) A (Hy =
—)) is part of the definition of DeepMismatch-basedSurprise; (¢, H;) > ¢ (see
definition 11 and definition 12). This is indeed the case thank to definition 7
of Mismatch-Based Surprise and proposition 6 which guarantees that M,w |
(Support; (1, 0) A (Hi= ~¢)) — (Hi=; ).

Afterwards we need to prove that M,w = Degree-Mismatch;(p, H;) = ¢ A (1) =
@) — Degree-Mismatch; (¢, H;) < c¢. Let us prove it. From the semantic of
degree of mismatch (definition 6) we can state that 1) M,w |= Degree-Mismatch;
(¢, Hi)= ¢ N (¥ =4 ) = ((Pi(p) > P; (Hi) — ¢ = Pi(p) — Pj (Hi)) A (Pi(p)
< P; (H;) — ¢ = 0)). Moreover, from M,w |= (¢ =; ¢) it follows that 2)
M,w [=P;(¢) < Pj(¢). Let us assume that M,w = Degree-Mismatch; (¢, H;)=
d. Therefore in order to prove that M,w |= Degree-Mismatch;(p, H;) = ¢ A
(1) = ¢) — Degree-Mismatch; (v, H;) < ¢ we must simply prove that M,w =
d < c. Again from definition 6 we can state that 3) M,w = Degree-Mismatch;
(¥, Hy)=d — ((Pi(v)) > Pj (H;) — d = P;(¥) — P; (H;)) A (Pi(v) < P (H))
— d = 0)). From 1), 2) and 3) it follows M,w = that d < c. Let us show why
this is the case.

CASE 1. Assume that M,w = P;j(¢) < P; (H;). Therefore M,w |= ¢ = 0 and
since M,w |= P;(¢) < P;(¢) we can conclude that also M,w = P; () < P; (H;).
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Thus M,w =d = 0.

CASE 2. Assume that M,w |= P;(¢) > P; (H;). Therefore M,w = ¢ = Pj(¢p)
— P; (H;) and since M,w = P;(¢ ) < P;(¢) we can only conclude that either
M,w = P;(¢) > P; (H;) or M,w = P;(¢) < P; (H;). Let us split CASE 2 into
two parts.

CASE 2a. Iwa#P(w) P, (H;) then M,w = d = Py(¢) — P; (H;) and
since M,w |= P;(¢0) < Pi(p) we can conclude that M,w =d < c.
CASE 2b. If M W E Pl(w) P; (H;) then M,w |= d = 0 and since M,w |=

Pi(¢) > P; (H;) and Myw = ¢ = Pi(go) — P; (H;) we can conclude that M,w
|: d<ec.

Having proved that M,w = d < ¢, we can conclude that M,w = Degree-
Mismatch; (¢, H;) = ¢ A (¢ =; ¢) — Degree-Mismatch; (¢, H;) < c¢. Finally
since M,w = Mismatch-BasedSurprise; (¢, H;) = ¢ A Support; (1, ¢) — Degree-
Mismatch; (¢, H;) = ¢ A (¢ = ¢) we can conclude that M,w = Mismatch-
BasedSurprise; (¢, H;) = ¢ A Support; (¢, ) — Degree-Mismatch; (v, H;) <
c. From M,w |= Mismatch-BasedSurprise; (¢, H;) = ¢ A Support; (¢, p) —
Degree-Mismatch; (¢, H;) < ¢ and M,w = Mismatch- BasedSurprlsel(gp, H;) =

¢ A Support; (1, p) — Test; (p) A (1 =i @) A selected-expli(Hy) A (Hy = —1p)
and definition 11 we can conclude that M,w = Mismatch- BasedSurprisei(SD7 H;)
= ¢ A Support; (¢, o)— DeepMismatch-basedSurprise; (¢, H;,¢) < c B

6 Conclusion

The conclusive part of the work is devoted to discuss the importance of the
present approach for the theory of belief revision. We are not going to give any
formal emphasis on this part. The issues raised in this conclusion are indeed
the subjects of other our works ([7]).

Let us move toward a procedural perspective and conceive deeper mismatch-
based surprises as deeper emotional responses which are coupled with the re-
vision of deeper beliefs in a belief base. We want to defend here the following
thesis concerning the functional role of surprise in resource bounded cognitive
agents: since realistic cognitive agents are non-omniscient and have not direct
and instantaneous access to all their knowledge both in phase of perception and
in phase of revision, some mechanism which is responsible :

1) for signaling the global inconsistency of the belief base with respect to the
incoming input data ,

2) for making explicit deeper layers,

3) for the revision of broader parts of the belief base,

is needed.

One of the functional role of surprise is exactly this.

We assume the existence of certain threshold A of acceptable surprise which has
the function of determining whether a given agent decides to continue to verify
the consistency of his beliefs and expectations and to revise deeper layers of his

17



belief base or whether the agent decides to stop with his check of consistency
and progressive revision.

If an agent has felt a very intense first-order mismatch-based surprise (i.e.
the degree of first-order mismatch-based surprise is above threshold A) due to
the invalidation of the expectation under scrutiny by the selected explanation of
input data then: 1) the agent locally revises the elements of his belief base which
are entailed by the expectation under scrutiny, 2) the agent passes to check the
adequacy of deeper layers of his belief base with respect to the incoming input
data. This check consists in making explicit the first-order supports of the ex-
pectation under scrutiny and is responsible for the generation of a second-order
mismatch-based surprise. A second-order mismatch-based surprise is coupled
now with a local belief revision: the agent revises the elements of his belief base
which are entailed by the first-order supports of the expectation under scrutiny.
If again the second-order mismatch-based surprise is very intense (i.e. its degree
is above threshold A) the agent passes to check the adequacy of deeper layers.
He makes explicit the direct supports of the first-order supports of the expecta-
tion under scrutiny (which are second-order supports of the expectation under
scrutiny). When deeper supports are made explicit a third-order mismatch-
based surprise is generated. This surprise is coupled with a new local belief
revision: the revision of the elements of his belief base which are entailed by
ogical the second-order supports of the expectation under scrutiny. Deeper and
deeper beliefs (deeper and deeper supports of the expectation under scrutiny)
are made explicit and local revision extended until the moment at which the
intensity of the n-order mismatch-based surprise is not intense anymore (i.e. its
degree is below threshold A). Previous proposition 7 tells us that mismatch-
based surprises decreases along the top down path going toward deeper layers
of the belief base (and toward deeper logical supports of the expectation under
scrutiny). Given proposition 7 we can predict that degree of n-order mismatch-
based surprise > degree of (n+1)-order mismatch-based surprise and therefore
we can predict that there will be an instant at which the agent will “come out”
of the progressive revision of its belief base (the existence of a stop condition is
guaranteed).

Finally let us consider another relevant and possible extension of our model.
Some existing psychological model of Surprise (see [17] for example) establishes
that intense Surprise triggers a search for causal explanations, justifications and
confirmations of the unexpected event. After that an intense surprise has been
felt, the agent tries to cope with it by trying to justify the unexpected event,
by trying to confirm it (see also Lazarus’ idea of Secondary Appraisal [13]). In
the present work the problem of coping strategies is left unspecified. We have
assumed that the interpretation of input data is one-step process and that once
the best explanation of input data has been the selected a gradual revision of
the belief structure starts. In order to deal with coping strategies we would
need to develop our theory into the following direction. Similarly to Shanahan’s
approach ([23]) we should integrate in our model a feedback mechanism for
readjusting the explanatory values of the candidate explanations (abducible
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formulas) . We should model this feedback mechanism in terms of epistemic
actions (see also [14]). After that the agent has interpreted the input data, if the
selected explanation is very surprising, the agent either: 1) can try to enlarge the
set of abducible formulas in order to find a less surprising explanation of input
data (an explanation whose explanatory value is higher than the explanatory
value of the previously selected and very surprising explanation) or; 2) given the
set of abducible formulas he can try to check (by doing some epistemic action
for verification) whether the interpretation selected at the first round is the right
one.

Example. Imagine that a doctor is almost sure that the patient has a certain
pathology x. The doctor decides to subject the patient to a rigorous test in
order to confirm the diagnosis. In our model the abducible formulas would be
two: “the patient has pathology x”, “the patient has not pathology x”. Imag-
ine the result of the test is negative. The doctor interprets this result as “the
patient has not pathology x”. The doctor gets surprised since the expectation
that “the patient has pathology x” under scrutiny is invalidated. How could the
doctor cope with this surprise? The doctor could make some epistemic action
for verification (before accepting the fact that “the patient has not pathology x”
and revising his beliefs and expectations). For instance the doctor could make
some further medical tests.
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